In this paper, we present common coincidence and common fixed point results for two pairs of mappings that satisfy the (E.A)-property in the setup of partial metric spaces. Some examples are given to validate the concepts and results presented herein. Well-posedness of the common fixed point problem is also studied. MSC: 47H10; 54H25; 54E50
Introduction and preliminaries
Over the last  years or so the theory of fixed points has been revealed as a very powerful and important tool in the study of nonlinear phenomena. In particular, fixed point techniques have been applied in such diverse fields as biology, chemistry, economics, engineering, game theory, and physics. In the past years, the extension of metric fixed point theory to generalized structures such as cone metrics, partial metric spaces and quasimetric spaces has received much attention (see, for instance, [-] and the references therein). A partial metric space is a generalized metric space in which each object does not necessarily has to have a zero distance from itself [] . One motivation for introducing the concept of a partial metric was to obtain appropriate mathematical models in the theory of computation and, in particular, to give a modified version of the Banach contraction principle, more suitable in this context [, ] . Subsequently, several authors have studied the problem of existence and uniqueness of a fixed point for mappings satisfying different contractive conditions (see, e.g., [-] ).
Recently, it was shown that, in some cases, fixed point results in partial metric spaces can be obtained directly from their induced metric counterparts [-]. However, some important conclusions in the application of partial metrics to information sciences cannot be obtained in this way. For example, if x is a fixed point of a map f , then, by using the method from [], we cannot conclude that p(fx, fx) =  = p(x, x). For further details we refer the reader to [] and [] .
The aim of this paper is to study the existence of a common fixed point for two pairs of mappings which satisfy the (E.A)-property in the framework of partial metric spaces. Our results do not require the maps to be commuting or continuous. We will also give http://www.journalofinequalitiesandapplications.com/content/2014/1/237 an example to show that the conclusion of our results cannot be derived by employing an induced metric.
In the sequel, R, R + , and N denote the set of all real numbers, the set of all nonnegative real numbers and the set of all positive integers, respectively. The usual order on R will be indistinctly denoted by ≤ or by ≥.
Consistent with [] and []
, the following definitions and results will be needed in the sequel.
Definition . Let X be a nonempty set. A function p : X × X → R + is said to be a partial metric on X if, for any x, y, z ∈ X, the following conditions hold:
The pair (X, p) is then called a partial metric space.
If p(x, y) = , then (P  )-(P  ) imply that x = y, but the converse does not always hold.
A trivial example of a partial metric space is the pair (R + , p), where p :
For more examples of partial metric spaces, we refer the reader to [, , , -]. Each partial metric p on X generates a T  topology τ p on X which has as a base the family open p-balls {B p (x, ε) : x ∈ X, ε > }, where B p (x, ε) = {y ∈ X : p(x, y) < p(x, x) + ε}, for all x ∈ X and ε > .
Definition . []
A sequence {x n } in a partial metric space (X, p) is said to be a Cauchy sequence if lim n,m→∞ p(x n , x m ) exists and is finite.
It is well known that (see [, p.]) a sequence {x n } in a partial metric space (X, p) converges to a point x ∈ X, with respect to τ p , if and only if p(x, x) = lim n→∞ p(x, x n ).
If p is a partial metric on X then the function p S :
This will be denoted as x n → x as n → ∞ or lim n→∞ x n = x. Clearly, the limit of a sequence in a partial metric space need not be unique. Moreover, contrary to the case of an ordinary metric d, a partial metric p need not be continuous, in the sense that x n → x and y n → y as n → ∞ does not imply that p(x n , y n ) → p(x, y) as n → ∞.
A partial metric space (X, p) is said to be complete if every Cauchy sequence {x n } in X converges, with respect to τ p , to a point x ∈ X such that lim n→∞ p(x, x n ) = p (x, x) . In this case we say that the partial metric p is complete. http://www.journalofinequalitiesandapplications.com/content/2014/1/237
The following example shows that a convergent sequence in a partial metric space may not be Cauchy. In particular, it shows that the limit of a convergent sequence is not unique.
Define a sequence {x n } as
Then {x n } is a convergent sequence but lim n,m→∞ p(x n , x m ) does not exist. If fx = gx for some x in X, then x is called the coincidence point of f and g. Furthermore, if the mappings commute at each coincidence point, then such mappings are called weakly compatible [] .
Sessa [] introduced the notion of the weak commutativity of mappings in metric spaces.
Definition . Let X be a partial metric space. Mappings f , g : X → X are called (i) compatible if, whenever a sequence {x n } in X is such that {fx n } and {gx n } are convergent to some t ∈ X, then lim n→∞ p(fgx n , gfx n ) = p(t, t), and (ii) noncompatible if there exists at least one sequence {x n } in X such that {fx n } and {gx n } are convergent to some t ∈ X, but lim n→∞ p(fgx n , gfx n ) does not exist. Definition . Let X be a partial metric space. Selfmaps f and g on X are said to satisfy the (E.A)-property if there exists a sequence {x n } in X such that {fx n } and {gx n } are convergent to some t ∈ X and p(t, t) = .
For a decreasing sequence {x n } in X such that
. So f and g are noncompatible. Note that there exists a sequence {x n } in X such that lim n→∞ fx n = lim n→∞ gx n =  ∈ X. Take x n =  for each n ∈ N. Hence f and g satisfy the (E.A)-property.
Let f , g, S, T : X → X be mappings. In our results, we assume that for every sequence {y n } in X, one of the following conditions holds:
The following is an example where above assumption does not hold.
Example . Let X = R + be a partial metric space with p(x, y) = max{x, y} and f , g, S, T :
X → X be mappings defined by
Note that we have fX ⊆ TX and gX ⊆ SX with only the pair (f , S) satisfying the (E.A)-property. If y n = n, then the sequence {gy n } is unbounded. Also note that the pairs (f , S) and (g, T) are weakly compatible. Here f , g, S and T do not have a common fixed point. 
Common fixed point theorems
In this section some common fixed point results for two pairs of mappings satisfying certain contractive conditions in the framework of a partial metric space, are obtained. We start with the following result. Proof If the pair (f , S) satisfies the (E.A)-property, then there exists a sequence {x n } in X satisfying lim n→∞ fx n = lim n→∞ Sx n = q for some q ∈ X. As fX ⊆ TX, there exists a sequence {y n } in X such that fx n = Ty n . As {gy n } is bounded, lim sup n→∞ p(fx n , gy n ) and lim sup n→∞ p(Sx n , gy n ) are finite numbers. Note that
Since p(fx n , Sx n ) →  as n → ∞, lim sup n→∞ p(fx n , gy n ) = lim sup n→∞ p(Sx n , gy n ). Indeed, using the fact that lim sup n→∞ p(fx n , gy n ) = lim sup n→∞ p(Sx n , gy n ) = l ≥ , we obtain subsequences {x n k } and {y n k } such that p(Sx n k , gy n k ) and p(fx n k , gy n k ) are convergent to l. Assume that l > . Replacing x by x n k and y by y n k in (.A), we have
which, on taking the limit as k → ∞, implies that
which, on taking the upper limit of both sides, gives
a contradiction. Therefore l = . Hence lim n→∞ p(fx n , gy n ) = lim n→∞ p(Sx n , gy n ) =  and so lim n→∞ gy n = q. If T(X) is a closed subspace of X, then there exists an r in X such that q = Tr. From (.) we have and φ(p(q, gr)) ≤  give gr = q, and r is a coincidence point of the pair (g, T). As g(X) ⊆ S(X), there exists a point u in X such that q = Su. We claim that Su = fu. Using (.), we have implies that φ(p(fu, Su)) ≤ . Therefore fu = Su, u is a coincidence point of pair the (f , S).
Thus fu = Su = Tr = gr = q. Now, the weakly compatibility of the pairs (f , S) and (g, T) gives fq = Sq and Tq = gq. From (.), we have 
Thus, from (.), we obtain
which implies that φ(p(q, r)) ≤  and so q = r.
Example . Let X = {, , } be a set with partial metric defined by 
Hence all of the conditions of Theorem . are satisfied. Moreover,  is the unique common fixed point of f , g, S and T.
The next example shows that one cannot derive the conclusion of Theorem . by using a metric induced by a partial metric.
Example . Let X = R + be a partial metric space with p(x, y) = max{x, y} and f , g, S, T : To check the contractive condition (.) for all x, y ∈ X, we consider the following cases. If x ≤ y, then we have
Also, for x > y, . Thus
As any two compatible or noncompatible selfmappings on a partial metric space X satisfy the (E.A)-property, the above result remains true if any one of the pair of mappings is either compatible or noncompatible.
The above theorem is true for any choice of control functions. For example if we take ψ(t) = t and φ(t) = ( -γ )t for γ ∈ [, ) in Theorem ., we have the following corollary. If we take f = g and S = T with ψ(t) = t for all t ∈ R in Theorem ., we obtain the following corollary which extends Theorem . of [] to a partial metric space. Definition . Let X be a partial metric space and f : X → X be a mapping. The fixed point problem of f is said to be well-posed if:
(a) f has a unique fixed point z in X, (b) for any sequence {x n } of points in X such that lim n→∞ p(fx n , x n ) = , we have
Definition . Let X be a partial metric space and be a set of mappings on X. A common fixed point problem CF( ) is said to be well-posed if: (a) z ∈ X is the unique common fixed point of all mappings in , (b) for any sequence {x n } of points in X, such that lim n→∞ p(fx n , x n ) =  for each f ∈ , we have lim n→∞ p(x n , z) = . ≤ p(Tx n , x n ) + p(gx n , x n ).
On taking the limit as n → ∞ we obtain The result then follows.
